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Abst ract - -An  explicit solution of the initial-boundary value problem for the evolutionary PDE 
is obtained. The problem describes propagation of nonsteady internal waves generated by vibrations 
of a plate in a stratified rotating fluid. 
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In the plane x = (xl,x2) E R 2, let us consider the evolutionary equation of 4 th order and 
composite type 
where Wl, w2 ~ 0 are constants, u = u(t, x) is a stream function, so that the velocity field in the 
fluid is v(t,x) = (-uz2,uxl) .  
Equation (1) controls nonsteady internal gravity-inertial waves in a stratified rotating fluid 
without viscosity and compressibility. Its derivation is given in [1-4]. Similar equations are 
called pseudohyperbolic; they yield both elliptic and hyperbolic haracteristics, and therefore, 
they share properties of both elliptic and hyperbolic equations. 
In the present paper, we consider the initiM-boundary value problem for equation (1) with the 
mixed boundary condition. 
Let the section F = {x : X 1 = 8COS0,  X 2 ~--- ssin0, s E (a,b)} be placed in the plane R 2. 
The side of the section F which is positioned to the left when the parameter s increases will be 
called F + and the opposite side will be called F - .  By 7? = ( - s in0 ,  cos0), we denote a normal 
to F. The unit vector of the Oxj axis (j = 1,2) will be denoted by qj. 
Let us define the class of smoothness G. A function V(t, x) belongs to G, if (k = 0, 1,2): 
(a) okY e C°([0, c~) x R2\F), 
(b) okvv  • C°([0, oo) x R2\F\X) ,  where X is a point set which consists of the ends of the 
section F, and 
(c) in the neighborhood of any point d • X, the inequality holds 
[O~VV I <_ Ak(t) Ix - d f  , x --~ d, (2) 
where Ak(t) • C°[0, cx~), and a number 5 > -1.  
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Condition (c) in the definition of the class G ensures the absence of point sources at the 
endpoints. 
Let us formulate the initial-boundary value problem. 
PROBLEM K. To find the functions u(t, x) E G and c(t), so that u(t, x) satisfies 
(1) equation (1) in (0, c¢) x (R2\r),  
(2) the initial conditions 
u(O, z) = ut(O, z) = O, z E R2\ r ,  
(3) the boundary conditions on F 
u It+ = fl(t, s) - c(t), 
N [u] It- = 020n u + w2(rl "ql)uz~ + w2(rl • qz)uz2 It- = f2(t, s), 
(4) the regularity conditions at the infinity 
~ Bk(t) lx l - ' ,  Io vul ~ Sk(t ) Ix1-1-"  , k = 0, 1, 2, (3) 
where Bk(t), -Bk(t) e C°[0, co), e > 0, and Ixl = (x~ + x22) 1/2 ~ (x). 
All conditions of the problem must be satisfied in the classical sense. The function c(t) is 
unknown and must be found when solving the problem. The problem is formulated in terms of 
a stream function unlike [3], where a potential function has been used. 
The problem describes propagation of nonsteady internal gravity-inertial waves excited by 
vibrations of a plate in a stratified rotating fluid (ocean, atmosphere), where viscosity and com- 
pressibility are neglected. In doing so, pressure is specified on F-  and normal velocities are given 
on F +, that is, (v. ~)lr+ =OsUlr+ = Osfl(t,s).  Specification of pressure leads to the oblique 
derivative boundary condition containing derivatives in time. 
THEOREM 1. There exists no more than one solution of Problem K. 
The proof is based on the energy equality for equation (1) and is presented in [2]. The energy 
equality and the idea of the proof are also given in [3, Appendix]. 
Suppose that f l ( t ,  s) E C2([0, c¢); CI'x(F)), f2(t,s) E C°([0, c¢); Cx(F)), where the Holder 
index A E (0, 1]. Here, ck([0, oo); H) is the class of abstract functions F(t) in t variable with 
the values in a Banach space H. Besides, F(t) E C0k([0, c¢); H) if F(t) E Ck([0, c¢); H) and 
F(0)  . . . . .  F k-l (0) = 0. 
The solution of Problem K can be found in the explicit form with the help of potential theory 
constructed in [5] for equation (1). The application of the potential theory to solving problems 
is presented in [3,6-8]. 
Let us demonstrate he potential technique. First, we rewrite the boundary conditions on F in 
the form 
O~u It+ = f~(t,s) = Os f l ( t ,s ) ,  
u(t, x(a)) = f l ( t ,  a) - c(t), 
N[u] It- = f2(t, s). 
(4) 
(5) 
(6) 
We will seek a solution of Problem K in the form 
u(t, x) = V[#](t, x) + T[v](t, x), (7) 
Pseudohyperbolic Problem 119 
where V[#](t,z), T[u](t,x) are dynamic potentials for equation (1) which was introduced and 
studied in [5]. The potentials are given by the following expressions: 
b / .  
Y[#](t,x) -- ./. tt(t,s)lnlx - y(s)l ds 
/o'/: [ + . ( t - . , s )  1 1-cos(~Lx-Y(s) l°~] d~d~, \ Ix- y(~)113 
~b J 
T[u](t, x) = ./. ,(t, s)~b(x, s) ds 
- u(t - T, S) h(4) sin[Th(4)] d4 ds dr, 
do 
where y(s) = (s cos 0, s sin 0) c F, Ix I = ~ ,  
2 = X/  sin24 +   cos 4, 
~b(x, s) is defined up to 2?rm, m = 0, =t=1,..., by formulas 
cos~b(x,s) - xl - scos6 sin ~b(x, s) - x2 - s sin~? 
l~ :  y--(~ ' Ix y(~)l 
If x ~ F, then ¢(x, s) will mean an arbitrary fixed branch of this function, which varies contin- 
uously with s variable along F. According to this definition of ¢(x, s), the potential T[u](t, x) is 
a many-valued function. In order that the potential T[u](t, x) be single valued, it is necessary to 
impose the following condition: 
b 
f tJ(t,s) ds = O, t >_ O. (8) 
The function u(t, x) from (7) satisfies the regularity conditions at infinity (3) if 
f b ~(t, s) = 0, t __ 0. (9) ds 
The functions p~(t, s), u(t, s), c(t) are unknown and must be found when solving the problem. 
We will seek them from the following classes of smoothness: 
~(t,s), ~(t,~) • c~ ([0,oo); C~oO(r)), ~(t) • c0~[0,~o), (10) 
where ,ko • (0, 1], ~0 • [0, 1). We denote by C2°(F), the Banach space of functions F(( )  which 
are defined on F and such that 
1(4 - a)(( - b)] ~° F([)  • C ~° (-F-). 
The norm of the function F(~) in C2o °(F) coincides with the norm of the function 
1(4 - a)(~ - b)l ~° F(~) 
in the Banach space C "x° (r) . 
According to the potential theory [5], for any #(t, s), ~,(t, s), c(t) satisfying (8)-(10), the func- 
tion u(t, x) from (17) satisfies all conditions of Problem K except he boundary conditions (4)-(6). 
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By substituting u(t, x) in (4),(6) and applying the limiting formulas for potentials from [5], we 
get the system of the singular integral equations for/z(t, s), v(t, s), 
fa b /z(t'0-) d0- ~rJ~l * J~2 *~(t ,s )  f~(t,s) ,  (11) 0- --  S 
f f  o~(t, 0-1 
-~rS~, * S~ 2 * O2t/z(t, s) - do- = f2(t, s), (12) 
0- - -$  
where t > 0, s • (a, b). By the symbol . ,  the following operators of convolution in time are 
denoted (j = 1, 2): 
J~oj * W(t )  = W(t )  - wj J1 (wj (t - T)) W(T)dT,  
S~j .W( t )  = W(t ) -w j  S (w j ( t - -T ) )W(T)dT ,  
where J l(t)  is the first-order Bessel function and 
f wj $ S (o.)jt) = - J1  (~)  ~- ld~ • 
Jo  
It can be shown with the help of the Laplace transform, that the operators J~j .  and S~j* are 
self-inverse, that is, 
J~  * Swj* = S~j * J~j * = E, j = 1, 2, 
where E is the unit operator. 
By inverting the operators of convolution in time, we rewrite equations (11), (12) in the following 
form: 
fab do- + r~(t,  s) = - f~  (t, s), (13) 
/z__(t,_._a) 
0"--8 
f b ~(t, 0-) ~r/z(t,s) + - - - - -  do- = - f2 ( t , s ) ,  (14) 
0- - -8  
where t _> O, s • (a, b), and 
~(t, s) = J~, • J~2 * v(t,  s), 
fo ~ (is) ~(t ,  s) = J~l * J~2 * (t - T) f2(T, S) dT. 
By adding and subtracting the relationships (13),(14), we reduce the system of integral equa- 
tions to the pair of independent singular integral equations for the new unknown functions 
p+(t, s) = #(t, s) + ~(t, s), 
p_  (t, s) =/z( t ,  s) - ~(t, ~), 
so that 
p+(t,s) + f b s 0-) = ¢+(t,s), t >_ o, 
p_( t , s ) -  7r - 
s e (a, b), (16) 
s e (a, b). (17) 
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Here, 
7r 
To satisfy the conditions (10), we should seek p+(t, s), p_(t, s) from the same class of smoothness 
as , ( t ,  s), , ( t ,  s). 
The solutions of the integral equations (16),(17) can be easily obtained in the explicit form by 
the methods of analysis of singular integral equations presented in [9]. These solutions are 
1 27r Q+(s) 11  fabO+(?cfl+(t,a) da+Ct+(t___.~_) Q+(s)' p+(t,s) = -~o+(t,s) -- - - -  
I t 1 1 fabQ_(a)~O-_s!t,a)da+a_(t) 
p_(t,s) =-~_( , s )  2,~Q_(s) . . . .  Q_(s---7' 
where 
Q+(s) = [s-ala/4[s-b[ 1/4, Q_(s) = Is-a[1/41s-bl3/4, (19) 
and c~+ (t), cL (t) are arbitrary functions of time from the class C~)[0, cx~). One can see that p+ (t, s), 
p_ (t, s) belong to the required class of smoothness. 
Now we construct he solution of the system (11),(12): 
1 
~(t,s)  = ~ (p+(t,s)  + p_ ( t , s ) ) ,  
1S . ( t , s )  = s~, , &= , ~(t,s) = ~ ~, , s~ • (p+(t,s)  - p_ ( t , s ) ) .  
The arbitrary functions of time c~+(t), a_(t)  are selected to satisfy the conditions (8),(9). By 
putting the expressions for #(t, s), u(t, s) in (8),(9), and evaluating singular integrals [9], we find 
that conditions (8),(9) are valid if a+(t) = c~_(t) _= 0. 
Finally, the expressions for the densities of the dynamic potentials take the form 
1 1 lab Q+(~(fl+~t,a ) ~(t , s )=- - l  f2(t ,s)- - -~ ~ ------ da +- -  
u(t,s) = -1S~,  * S~ * f~(t,s) 
1 1 b 
1 fabQ_(;)qo__(t,G)da], 
O_(s)  (u0) 
O-  (s) . . . .  d~ , 
where the notations Q+(s), ~±(t, s), ~(t, s) were introduced in (15), (18), (19), and 
 1(/o ) = (t -- r) f2(r, s) dr =t= Sw, * S~ • f;(t, s) . 
7r 
(21) 
One can check, that #(t,s), u(t,s) • C02([0, oo); C~o°(F)) , A0 = min{A, 1/4}, n0 = 3/4. 
Hence, the boundary conditions (4),(6) are satisfied. By satisfying boundary condition (5), we 
get c(t) 
c(t) =/ l ( t ,  a) - V[~l(t, x(a)) • cg[o, ~) .  (22) 
Thus, the functions #(t, s), u(t, s), c(t) are found completely and satisfy all required conditions. 
According to the potential theory [5], the functions u(t, x) and c(t) from (7),(22) give the solution 
of Problem K. This can be checked irectly on the basis of the explicit expressions for u(t, x), c(t), 
and properties of dynamic potentials. In particular, the inequalities (2),(3) hold with 5 = -3 /4  
and e = 1. 
We have proved the following theorem. 
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THEOaEM 2. If f l(t, s) • C2([0, c~); CI'~(F)), f2(t, s) • C°([0, c~); CA(F)), where the Holder 
index A E (0, 1], then the solution of Problem K is given by formulas (7),(22), where #(t, s), 
v(t,s) are defined by (20),(21). 
With the help of the solution of Problem K, the velocity field in the fluid can be readily found, 
so that v(t, x) = (-uz2, u~l). 
The problem for several sections with either Dirichlet or Neumann boundary condition has 
been studied in [3,7,8]. The initial-boundary value problem for equation (1) with discontinuous 
coefficients has been considered in [6]. The generation of nonsteady internal waves by vibrations 
of one plate in the bounded layer of a stratified fluid has been investigated in [10]. 
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